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1 Introduction 

The three dimensional gravity has different black hole solutions. The BTZ black holes were 
found in [1] describe three dimensional solutions with a negative cosmological constant. Adding 
the higher derivative terms changes the solutions and their asymptotic behaviors. The topo- 
logical massive gravity (TMG) describes propagation of the massive gravitons around the flat, 
de Sitter or anti de Sitter background metrics. This theory is constructed by adding a parity- 
violating Chern-Simons term to the Einstein-Hilbert action [2]. The cosmological TMG solu- 
tions contain either the BTZ black holes [1] or the warped AdS^ black holes [3] and [4]. The 
black hole solutions for topologically massive gravitoelectrodynamics (TMGE) presented in [4] . 
In this case the three-dimensional Einstein-Maxwell theory was investigated by including both 
gravitational and electromagnetic Chern-Simons terms. 

The new massive gravity (NMG) was found in [5] . This theory was constructed by adding a 
parity-preserving higher derivative terms to the tree level action. In NMG theory there is also 
the BTZ solution as well as the warped AdS% solutions [6]. In [7] (and in [8] for TMG) it is 
obtained that for a critical coupling in NMG it is possible to find a family of massive logarithmic 
black holes (asymptotic to the extremal BTZ black holes in the sense of log gravity). For more 
recent works on new massive gravity see [11]. 

In this paper and in section two, we add electromagnetic Maxwell and Chern Simons term to 
the new massive gravity action. Then by using the dimensional reduction procedure presented 
in [4] , [6] and [7] , we find the equations of motion for gravitational and electromagnetic fields. 
In section three we use the polynomial (up to second degree) ansatz and solve the equations 
of motion. We will find a charged black hole in addition to the known NMG solutions. Then 
we will find the entropy, mass and angular momentum for this charged black hole. We find the 
angular momentum by using the super angular momentum approach. By writing the metric in 
the ADM form and using the first law of black holes thermodynamics we can read the mass. 
We then discuss on the domain of validity of our solution. 

In section four, we change our ansatz to find the logarithmic charged solutions. We will 
use the same method of section two to compute the metric and the gauge field. Solving the 
equations of motion gives solutions in some specific critical points. In this case, since the theory 
is asymptotically AdS we can use the ADT approach to compute the conserved charges. Our 
computation agrees exactly with the super angular momentum approach. 
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We start from a three dimensional gravitational field and couple it to an electromagnetic filed 
through the Lagrangian Inmge = Inmg+Iem- The first action is the cosmological new massive 
gravity theory [5] 
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where k = 8irG and m is a relative mass parameter. The second action is the sum of the 
electromagnetic Maxwell and Chern-Simons actions 

Iem = -^ 

where p is the Chern-Simons coupling constant. We try to find a stationary circularly symmetric 
solution for this Lagrangian by using the dimensional reduction procedure, presented in [4], [6] 
and [7]. We use the following ansatz for the metric and the gauge field 

ds 2 = \ ab (p)dx a dx b + C 2 (p)R~ 2 (p)dp\ A = Mp)dx a > ( 2 -3) 

where (a, b = 0, 1) and (x° = t, x 1 = <p). The parameter A can be expressed as a 2 x 2 matrix 
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and R 2 = X 2 = —T 2 + X 2 + Y 2 is the Minkowski pseudo-norm of the "vector" X(p) = 
(T, X, Y). One may reduce the action to the form of I = J d 2 x J dp L . The effective Lagrangian 
L for NMG part is given in [6]. Defining the vector L = X A X', 3 where prime denotes the 
derivative with respect to p, one can write the curvature terms in the Lagrangian as follows 
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The electromagnetic part for the ansatz (2.3) is given in [4] 
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To find the equations of motion we first consider ( as a general function of p then after the 
variations we choose a gauge, in which, ( will be a constant value. The equations of motion for 
this model are as follows: 
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By variation of X: 

3 = -L ( X A (X A X"") + ^X A (X' A X'") + \x' A (X A X'") (2.7) 
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Variation relative to £ leads to the Hamiltonian constraint: 
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and finally variation relative to ^ gives 

(C(S-X)^'-^)' = 0, (2.9) 



so the last equation gives a constant of motion, which by a gauge transformation can be set to 
zero [4]. One may conclude from (2.9) that ip' = tLS • Xip. From now on we will use the same 



method as [4]. Defining a null vector field Se = —Zip'Sip, one deduces that S' E = -MiX A Se- 



Also it can be shown that 

JW = --^[Se--^X{S e .X)], fc.X1/ = ^S E .X, (2.10) 

which can be used to simplify the equations of motion. For example the Hamiltonian becomes 

(X A X') ■ (X A X'") - -{X A X") 2 + -(X A X') ■ (X' A X") + — (X /2 ) 2 
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3 Black hole solution 

In this section we try to find the black hole solutions by choosing the following ansatz for the 
vector field X 

X = cxp 2 + f3p + 1 . (3.1) 

Inserting this ansatz into the Hamiltonian constraint, one finds that we should insert ex. 2 = 
a ■ (3 = 0, which is equivalent to a A (3 = ba. For convenience we set a ■ 7 = —z. Since we 
have the same situation as [4] we choose ji — £■ Using the equations (2.10) and (2.7) we are 
able to find the value of Se • X as 

2m 2 „ ,, ,17, 9 2m 2 , 9 . , 

-S E ■ X = (— b 2 - — )z + 2z 2 , (3.2) 
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where b 2 = (3 2 . Using (2.10) together with (2.7) and (2.11) we find the value of Se as 

C 2 17 2m 2 

^ (R 2 a + 2zX){2z + ^b 2 -=^-). (3.3) 



" 2m? y ,y 4 C 2 

Putting Se into the Hamiltonian constraint (2.11) we find the following algebraic relation 

5, 2m 2 \ / 1 , 2m 2 A m 2 \ , 

where the coefficient of z 2 from the gravity part has been canceled by the gauge field part. This 
is our first equation coming from the Hamiltonian constraint. Another equation will be found 
by the constraint S' E = jpX A Se, where computing X A (3.3) gives us the right hand side of 
it as 22 

!* A S E = -^ (^b 2 - ^- + 2z) (bpc* + a A 7 ) , (3.5) 

and computing the derivative of (3.3) gives the left hand side of S' E = jpX A Se 

S' E = £^(^b 2 -^ + 2 Z ^{ a (2b 2 p-4zp + 2f3-^+2 Z (2p a + f3)}, (3.6) 

where in the above equation we have used R 2 = X 2 = b 2 p 2 + ~f 2 + 2(ck • ~f)p 2 + 2(/3 ■ 7)p. 
Comparing the equations (3.5) and (3.6), leads to 

(b + 1)& 2 - 2m 2 + 2z) = , (3.7) 

where m 2 = m 2 /( 2 . This equation has two obvious solutions b = — 1 and z = fn 2 — ^-b 2 , where 
the second one has been described in [6]. 

3.1 The case of b = -1 

By defining A = A/( 2 , the Hamiltonian constraint in equation (3.4) gives 

l + 16m 2 (l+4A) 
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Following to [6] we can choose a rotating frame and a length-time scale such that 
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where u = ^j 2 - + u 2 z. By these parameters one finds [6] 

R 2 = (1 - 2z)p 2 + 7 2 = &V - Pi) ■ (3.10) 



Knowing the above parameters, we are able to write the metric as warped AdS^ form [6] 
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One may write the metric in the ADM form by choosing r — p + 2cup + u (1 — /3 2 ) + j 
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where po (describes the location of the horizon) together with u are two parameters of theory. 

The value of (3 is given by 

2 _ 21 + 16m 2 (-l+4A) 
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It remains to find the electromagnetic field for this solution. By writing ip = ^ T E° 
( —ipi , ipQ ) , the components of Se will be 
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so the first two components give 
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The equation for S E shows that the signs of the solutions must be opposite, i.e., 
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(1 - (3 2 )dt - [p + w(l - /3 2 )]rf0 . (3.16) 



3.2 Entropy, mass and angular momentum 

We begin this section by computing the entropy. According to the Wald's formula the entropy 
for our metric is given by [6] 
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where A^ denotes the area of the horizon. We find the entropy as 
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where similar to NMG case, here again the value of entropy is independent of po and u and it 
is a renormalized form of the Bekenstein-Hawking entropy by a constant factor. 

On the other hand, the computation of mass and angular momentum is possible if we could 
linearize the field equations and use ADT approach [9] and [10]. But instead of this, we follow 
Clement's guess in [6] and compute the global charges for gravitational part by using the super- 
angular momentum vector. The super angular momentum contains two parts. The first part 
is coming from the NMG part of the model and is given by [6] 

c 2 
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The other contribution is coming from the electromagnetic part. Knowing the fact that the 
Lagrangian has a SL(2, R) symmetry one is able to find the electromagnetic contribution to 
super angular momentum as 

1 ( dL EM dL EM dL EM dL EM dL EM dL EM \ 1 

Jem = 2 v.^^ 1 - -^° ' ^r^ 1 + ^r^° ' -~d%^ + -^a^ 1 ) = ^ Se ■ 

(3.20) 
Summing these two contributions we find the total super angular momentum, 

■^-Jnmge = 7T- Jnmg + tt^e ■ (3-21) 
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Inserting the values of X and i[)q and ip\ we find the following vector 

Jnmge = =f( 2z ~ !)(™ 2 " z ~ l)U a + /3 A 7) • (3.22) 

To find the mass and angular momentum we do the same steps as [6]. The mass and angular 
momentum can be computed from 

M = ~^(5J Y + A) 1 J=^(5J T -5J X ), (3.23) 

where SJ is the difference between the values of the super-angular momentum for the black 
hole solution and for the background (po = u> = 0) solution. As we will see, the value of A is 
not important for us, (it depends on the specific theory we are looking). 

Inserting the values po — w = in (3.12) the horizon- less background metric will be 

ds 2 = -Pldt 2 + p 2 (# - -dt) 2 + -^-^ , (3.24) 

with ct = (|, — 1,0),/3 = (0,0,-1), 7 = (z,z,0). Using the above relations one finds the 
following value for super-angular momentum in background solution 

Jbg = -^(2z-l)(m 2 -z-l)(l,l,0). (3.25) 

m 8 V / 



For black hole solution one finds 

J = _ 2 - (m 2 -z--)(^(l,-l,0) + (u - z(l + 2w 2 ), -u - z{\ - 2u 2 ),2uz)) , (3.26) 
so the angular momentum after simplification becomes 

J = 19 J; _ 2 (8m 2 -8z- l)(2z - l)(p 2 - 4a;V) . (3.27) 

To compute the mass one can use the first law of black hole thermodynamics in the modified 
Smarr-like formula [4] which is appropriate for warped AdS^ black holes, i.e, 

M = T H S + 2n h J. (3.28) 

Using the ADM form of the metric we can read the Hawking temperature and the horizon 
angular velocity as [4] 

T H = ^-{r h (N 2 )'\ h , n h = -N%, . (3.29) 

By comparing the metrics to the following one 

ds 2 = -N 2 dt 2 + r 2 (d<p + N^dtf + \yi dp 2 , (3.30) 

one finds that N 2 = (3 2 P ~ 2 Po and N^ = — p ~ 2 so we can read the Hawking temperature 

and angular velocity as Tjj = ^ ]P0 and fi^ = — ^ — - , where the area of the horizon is given 

by Ah = , 2?r [po + cj(1 — (3q)]. Using the first law we find the following value for the mass 
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M = - ^_ 2 (8fn 2 - 8z - l)(2z - l)cuz . (3.3i; 



It is important to note that our result satisfies in differential form of first law i.e. dM = 
TijdS + QhdJ, for both variables po an d w of the black hole. 

3.3 Domain of validity 

To have a causally regular warped Ad S3 black hole one needs to consider < (3 2 < 1 or 
equivalently < z < |. Using this condition we can find the domain of validity of the solution 

16m 2 -21 - l + 16m 2 _ 2 5 rt _ 2 
k — > A > k — , tor m > - , or > m , 

64m 2 ~ ~ 64m 2 ' ~ 8 ' 

1 + 16m 2 - 16m 2 - 21 „ 5 9 . 

> A > — =2 — , for - > m 2 > . (3.32) 



64m 2 64m 2 o 

On the other hand the solution describes a magnetic field given by 
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B = T p(j) =:T\l(2Km 2 ) \—-2m 2 + 2z), (3.33) 

where the reality condition for the value of magnetic field implies ^ > m 2 > 0. 



3.4 Relation to NMG 



As a check we can show that the NMGE solution reduces to NMG when we choose the value 

of z as follow 

17 
z = m 2 . (3.34) 

In this value the electric field found in (3.14) will be zero and we find the same metric as [6]. 
The values for entropy, angular momentum and mass are given by 

A h 
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which are in agreement with [6]. 
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4 "Log" black hole solutions 

In this section we try to find a new type of solutions known as "log" solutions. We choose the 
following ansatz for X [8] 

X = ctF(p) + (3G{p) . (4.1) 

Inserting this into the Hamiltonian constraint gives rise again to a 2 = a ■ /3 = 0. Additionally 
one finds G = ap. It also gives the following relation for f3 2 = b 2 



iiV + ^V + 2m 2 A = 0. 
32 2 



Using the relations found in previous section one can find the value of Se as 
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From the constraint Se' = -p^X A Se we can obtain a differential equation for F(p) as 



abp i F {5) +2(4:ab+l)p 2 F {4) + 
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F" = 0. (4.6) 



Since a and b are coming in the same footing in our equations one may fix a or b to one. We fix 
a = 1 and obtain b from equation (4.2). Without losing the generality, instead to solve directly 
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the differential equation (4.6) we insert the following general function with arbitrary constants 
A, B and v into (4.6) 

F(p) = Ap v \np + B. (4.7) 

In this way we find the two following algebraic equations (/ = |) 

v(v -l){v + 1){-Av{v - 1) - - + m 2 / 2 ) = , (4.8) 

40v 4 +32(/ - 2)v 3 + (27 - 48/ - Qm 2 l 2 )v 2 + (4m 2 / 2 (l - I) + 2(9/ - l))v + /(2m 2 / 2 - 1) = 0. 

Solving the above equations one finds 

_ 2 1 1_2 ! , _ 2 8/ 2 + 8/ + l , , 

« = 0,1 : m = — , w = -:m=-— , v = -I : m = — . (4.9) 

These solutions valid when we impose (4.2). This says that they hold in critical points /, in 
terms of A. To find the metric we choose the following basis vectors as [7] 

a = -(i + i 2 ,i-i 2 ,-2i), f3 = (i-r 2 ,-i-r 2 ,o), (4.io) 

which leads to the metric 

I 2 
ds 2 = (-2/~ 2 p + F(p)) dt 2 - 2lF(p) dt d<p + (2p + l 2 F(p)) d<p 2 + —dp 2 . (4.11) 

4.1 Charged black holes 

Among the solutions found in (4.9) the first three cases of v = 0, |, 1 have vanishing Se so they 
describe the known log-NMG solutions found in [7]. So here we just look at the charged black 
holes for the case of v = —I. 

The case of v = —I: The logarithmic charged black hole solution is given by 



ds 2 = (-2r 2 p+(Ap- l \og(p) + B))dt 2 -2l(Ap- l \og(p) + B)dt 

l 2 dp 2 
4p 2 ' 



/ \ I 2 dc? 

+ (2p + / 2 (Ap-%g(p) + 5))d0 2 + T ^, (4.12) 



and 
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Now we can read the gauge field as 



A = ^adx a = Mh^ J^^Yj P' 1 ^ ~ ld( t>) ■ ( 4 - M ) 



The similar results is obtained for TMGE in [8], (see equations (51) and (52)). The above 
solution shows that the charged black hole found here contains both electric and magnetic 
fields. In order to have a real electromagnetic field we need one of the two following conditions 
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The entropy of this black hole can be computed from the Wald formula evaluated at the horizon 
P = [7] 
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p 2 (2p + / 2 F(p) 
The entropy has a finite value in the case where I < 0. So we find 



^i^vf^ 2 ' 2 -^™^ 2 ' 2 - 1 '- 



(4.16) 
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Again in this case the entropy is proportional to the area of the horizon. To compute the angular 
momentum we can use two methods. In first method we use the information in previous section. 
The super-angular momentum for the NMG part is given by 

b 3 



'NMG 



~a( - p 2 ( P F w + F") +\(f- pF'ty + 6a (f - pF') . (4.18) 



The background corresponds to A = B = 0. Using the relation (4.13) and by (3.19), (3.20) 
and (3.23) one finds the following value for angular momentum 

2C/ 2 (/ + 1) 



J 



-B. 



(4.19) 



G(8P + 81 + 1) 

As an alternative way we can apply the second method. The metric in (4.11) is asymptotically 
AdS if lim p _^ 00 (p~ 1 F(p)) = (or I > — 1 in this case) so we can use the ADT approach to 
compute the conserved charges. The net Killing charge is given by 

Q{0 = Qg(0 + Qem(0- (4-20) 

The Qg is the Killing charge corresponding to the gravitational part and is given by [7] 

c 



Q ^-G^( p3F '" + p2F 



1 \(\-m^){ P F'-F)){[^)\ 



where [a] is the matrix 
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To find the angular momentum we need the Killing vector £ = (0, 1). Then we find 

Qg(0 = ^=2^ + 1) (( 2 * + 1)^"' + /£? ) • ( 4 - 23 ) 

In addition for the background (A = B = 0) we have Qq G = . The Qem is the Killing 
charge with respect to the electromagnetic part. The difference between the solution and the 
background in electromagnetic part can be found in [3] 

SQem® = ^-U T X.(S E - S B E G ) - k$ - ^ BG )r G e}° ■ (4.24) 

In this case the background A = B = results the vanishing of the gauge field so we find 

SQem(0 = -T^r^l + 1)(2Z + l)Ap~ l . (4.25) 

Then the angular momentum is 

J = SQatt) + 8Q EM (0 = J® V- + X) , B , (4.26) 

where it is exactly equal to (4.19) and independent of p. 

To find the mass of the solution we can use the second method and insert the Killing time 
like vector £ = ( — 1,0). It simply gives M = j- . We can find the Hawking temperature for this 
black hole, which is equal to zero, T H = ^\fW^^\f9tt\h = . 

5 Summary and Discussion 

In this paper we find the charged solution for the three dimensional new massive gravity by 
adding the Maxwell and Chern-Simons term into the action. We use the reduced action ap- 
proach to find the equation of motion for gravitational and gauge fields. Then we consider 
two types of ansatz. In first case we consider the second order polynomial solution (3.1). Our 
results contain those solutions with vanishing gauge field (uncharged) which has been found 
previously and a charged black hole solution in warped AdS3 form. 

We show that the entropy of such a black hole (3.18), is similar to uncharged cases and 
is proportional to the area of the horizon. We also find the angular momentum (3.27) and 
the mass (3.31) for this charged black hole using the first law of thermodynamics (3.28) for 
black holes. Our computation shows that this solution is valid in a special range of cosmological 
constant A with respect to relative mass parameter m 2 and the Chern-Simons coupling constant 
// = C(3.32). 

In second case we consider the logarithmic ansatz (4.7). Solving equations of motion gives us 
different solutions in different critical points. Again in this case there are uncharged solutions 

11 



as well as a charged solution. The charged solution corresponds to v — — I with relative 
mass parameter m 2 = /i 2 ( 8 ' ^p +1 )- At this point the cosmo logical constant is given by A = 
^ 2 2^(811+81+1) ■ ^ ne domain of validity for this black hole is when / > —1 together with (4.15). 

Since in this type of solutions the asymptotic of the theory is the AdS space we can find the 
conserved charges of the theory by using the ADT formalism. We show that the infinite parts 
of the charges in gravitational part (4.23) and in the electromagnetic part (4.25) cancel each 
other and give a finite value for mass M = J/l and angular momentum (4.26) (which exactly 
agrees with the value found in super angular momentum approach (4.19)). 
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